THE ORDER-CONTINUOUS OPERATORS ON L,-SPACES.
PART I. GENERAL THEORY

BY
MILTON P. OLSON

1. Introduction. In this paper, a special class of operators is studied: the linear
mappings of L(S,Z, p) into L,(So, Zo, po) Which have bounded extensions as
mappings of L,(S,Z, u) into Ly(So, Zo, o) for all p, 1Sp=c0. (S, %, ) and
(S0, 20, po) are o-finite measure spaces.

Let this class be denoted by O(u, u,). It is shown that O(u, p,) is a Banach space
and O(p, p) is a starred Banach algebra having a faithful, irreducible representation
on Ly(S, Z, n). Further, each T € O(u, p,), admits an “absolute value” Py € O(u, po),
where Py is a Banach positive operator. This implies that each T=0(u, 1) maps
lattice bounded intervals in L,(u) into lattice bounded intervals in L,(u).

Various weak and strong topologies on the unit sphere are studied, and it is
shown that the extreme boundedness of these operators causes a considerable
collapse of possible topologies. The real operators in O(u, p,), that is, the ones
which map real functions into real functions, form a complete vector lattice. Finally
an important representation of these operators as set functions in a certain product
space is given. In Part II, it will be shown that each of these operators induces a
certain type of function-valued measure such that the action of the operator is
integration with respect to the corresponding measure.

While the direction of this research has been dictated by the needs of probability
theory, the author hopes that the more general setting provided here will permit
these operators to find a place in other areas of mathematical research.

2. Preliminaries and notations. The study of O(u, p,) requires a large amount of
notation. Broadly speaking, the conventions of N. Dunford and J. Schwartz [5]
have been followed. _

Unless express mention to the contrary is made, all Banach and Hilbert spaces
are complex. (S, X, p) and (So, 2o, po) are o-finite measure spaces, where S and
S, are sets, = and X, are o-algebras of subsets of S and S, respectively, and x and p,
are countably additive, positive, o-finite measures on = and Z, respectively. For
1Sp<o, L,(S,Z, u), or simply L,(u), is the set of u-equivalence classes of measur-
able functions, the pth powers of whose absolute values are u-integrable. Equipped
with the usual norm, L,(S, Z, ) is a Banach space. Lo(S, Z, ) is the Banach space
of u-equivalence classes of u-essentially bounded measurable functions. M(S, I, p)
is the set of u-equivalence classes of p a.e. finite measurable functions. B(S, Z) is the
set of all bounded measurable functions on (S, X). It is a Banach space under

Received by the editors April 14, 1967.
477



478 M. P. OLSON [September

supremum norm. L¥(u) denotes the space of real functions in L,(u). In addition
to being a real Banach space, LE(u) is a complete vector lattice under the usual
partial ordering of u-equivalence classes of real functions. M*(S, Z, ) is the space
of real functions in M (S, Z, u). LE(u)<= M*(u), 1 Sp=<co, and M*(u) is a complete
vector lattice such that if a set is bounded in some LZ(x) lattice then its supremum
is the same whether taken in the complete vector lattice LE(u) or in M*(u). For
M*®(u) and L¥(n), 1 £p =0, the supremum of any bounded set B is the supremum
of a suitably chosen countable subset of B.

For our purposes, (Ly(1))*=L(n); and (Ly(p))* =L (n), where 1 <p<oco and
1/p+1/g=1. Let (S, Z, a) be the completion of (S, Z, ) with respect to u. Then
(Lo(n)*=ba(S,Z, i), the space of bounded, additive, complex-valued set
functions on (S, ) which vanish on sets of g-measure zero. ba(S, Z, ) is a Banach
space which contains a closed linear manifold ca(S, Z, i), the countably additive
elements in ba(S, Z, 7). By the Radon-Nikodym theorem there is an isometric
isomorphism « of ca(S, Z, g) into L,(S, X, u). «~! is just the map provided by
taking the indefinite p-integrals of elements of L,(S, Z, p). (B(S, Z))* =ba(Ss, X),
which is the set of all bounded, complex-valued, additive set functions on (S, Z).
It is a Banach space, whose real elements ba®(S,ZX) form a complete vector
lattice. ca(S, Z) is a closed linear manifold of ba(S, Z) consisting of the countably
additive elements of ba(S, Z). ca®(S, Z) is also a complete vector lattice. It is
known that «~*: L}(S, Z, u) = ca®(S, Z) is order-preserving, and the supremum of a
set bounded above in L¥(S, Z, w) is the same whether it is computed in the complete
vector lattice LE(S, =, u) or in ca®(S, X).

ZBo(p, po) denotes the set of bounded linear mappings of L, (i) into L,(u,) for
each p, 1Sp=<co. It is a Banach space, and %#%(u, po), the set of real operators
restricted to LE(u) into LE(u,), is a complete vector lattice. &,(u, po) is the set of
bounded linear mappings of ba(S, Z, u) into ba(S,, Zo, fo). If T is a linear mapping
of Lo(n) into L,(uo) having bounded extensions to several different L,-spaces,
then its representative or trace for a particular p, is denoted T,,,. To reduce notation,
the norm of T}, as an element of %,,(u, po) is written simply |T||,,. If T has an
extension to a bounded linear mapping of ba(S, T, i) into ba(S,, Zo, fio), then its
ba-trace is denoted 7T, and the norm of T, is denoted ||T|,.

A positive operator is one which carries nonnegative elements in its domain
into nonnegative elements in its range. This notion of positivity induces the partial
order in B(u, po): i.e., S T in B¥(u, po) if S—T is a positive operator. However,
in #,(u, p) there is another definition of positivity. An operator A4 € #y(u, p) is
called positive if (Af, f)=0 for all fe Ly(1). This will be called Hilbert positivity.
T* will denote the Banach space adjoint of an operator 7. T# is the Hilbert space
adjoint of an operator T. In the function spaces under discussion, T*=jo T# o j,
where j maps a function f into its complex conjugate. Clearly, when both T* and
T# are defined, they have the same norm. If T is a positive operator, it is easy to
show that T*=T¥#,
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3. Definition and simple properties of the order-continuous operators on the
L,-spaces, 1 Sp<co. Let (S,Z, ) and (S,, Z, o) be two o-finite measure spaces.
If T is a linear map of L,(S, 2, r) into L (S, Zo, o), then we define

@3.1) Ty =  swp ATl 1 <pp <o

feLow)NLpudiiifip# 0 "f"? ’

Because Lo (p) N Ly(u) is dense in L,(r), 1 Sp=< oo, it is easy to see that when (3.1)
is finite, it is the norm of the unique map induced by T from L,(i) to L,(u). If
p=p', then |T|, , is denoted simply ||T|,.

DEFINITION 1. O(u, p,), the set of order-continuous operators from L,(S,Z, u)
to L(So, Zo, po), lSpS 0, is the set of all linear maps T of L.(S, Z, p) into
Lo(So, 2o, po) such that ||T |, is finite for 1<p=<co. When the measure spaces are
understood, they will simply be called the order-operators.

If T € O(u, po), then T induces another continuous linear map which will play a
distinguished role in what follows. Let T, be the trace of T on L,(u). Then T¥* is a
continuous linear map of ba(S,Z, ) into ba(S, T, fi). T** will be called the
trace of T on ba(S, Z, ), and |T|,= |T¥**|o=|T|.-

In [4, p. 141 f.], N. Dunford and J. Schwartz proved a proposition concerning
operators in O(u, 1) which may be stated as follows: If T € O(u, u), then there exists
a uniquely determined operator Pr € O(u, p) such that

(1) Py is positive in Ly(S, Z, p);

(3.2) @ |Prlo S |T)o and |Prl; < |T]s;
(3.3) @) ITf] < Prlf]  for feLy(u);
(3.4) () Pof=sup|Tgl, 05 feLa).

Inspection of the proof (given, for example, in [5, p. 672]) reveals that proposition
remains valid for T € O(u, u,). Equation (3.4) implies

(3.5) Prlf| = sup |Te| 2 |Tf],  feLa().

Then the continuity of Pr and T and the fact that L(u) N Ly(w) is dense in Ly(x),
1 £p =0, imply that

(3.6) Prlfl 2 |Tf],  feLyw),1 Sp s .

This inequality implies that |Pz|,2|T|,, 1Sp=<oco. Hence, |P;|,=|T|, and
[Prlw=|T|«. If T was positive to begin with, P,=T and

(3.7 Prlfl =TIf| 2 |Tfl, feLy(u),1<p <.

DEFINITION 2. A sequence of complex-valued p-measurable functions {f,}., is
called dominatedly order-convergent (d.o.c.) if there exists ge L, () for some
1=p<oo such that |f,|<g,n=1,2,..., and f, — f u a.e.
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The reader may verify that operators in @(u, 1) map d.o.c. sequences into d.o.c.
sequences. The proof is accomplished by showing that P, maps dominated
monotonely convergent sequences into dominated monotonely convergent
sequences and then using (3.6) to obtain the desired result. The reader will, of
course, recall that in this situation f, — f p a.e. if and only if lim sup |f—f,| =0.

PROPOSITION 1. Let T € O(p, po) and 0 £ f € Ly(w) for some p such that 1 £p £ o0,
then

(3.9) Pif= sup |Tg| = |TH],

lol=1; aeLo(u) IhISI heLp(u)

where Lo(p) is the set of u-integrable simple functions.
Proof. Clearly,
(3.9) |Tg| = sup |Th|.

IvlS/.aeLo(u) RIS 13 heLp(n)
On the other hand, if |h| < fand h € L,(1) then there exists g, — h p a.e. such that
gn€Lo(w), n=1,2,..., and |g,|=|h|, n=1,2,.... Tg,— Th p a.e. by remarks
above which implies |Tg,| — |Th| u a.e. Therefore,

(3.10) sup |Tg,| 2 |Th|.
So,

. T Th|.
@.11) lol=r; veLo(u)I gl I hl
And,

(3.12) |Tg| =2 sup |Th|.

ms: 0€Lo(u) RIS 73 hELp(u)
This proves the right-hand equality in (3.8). (3.6) implies
3.13) P;fz sup |Th|

|h| S heLpu)
But,if 05/, 4 fand f, € L,(u), n=1,2, ..., then
(3.19) P f, = sup |Th| = |Th|,

RS fns heL o (1) [LAFY / n3 heLy(B)

since h € L,(p) and |h| £ f, £ f€ L,(n) imply h € L,(r). Therefore,
(3.15) Pif, S |Th|;

IhIS!.heLp(u)
and we have
(3.16) P.f= hmPTf,. < sup |Th|.

RIS f3h€Lp(u)

This proves the reverse inequality to (3.13) and completes the proof of the prop-
osition. Q.E.D.
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Let us observe the following fact, whose proof'is left to the reader: If S € Z, (i, po)
and T € Z,(u, o), 1 Sp, p' <o, and

f Sxe Xsgto(dse) = f Txe Xaoo(dso)

for all E€ X and E, € £, such that u(E) <o and py(E,) <0, then T is the unique
bounded extension of S to L,. and S is the unique bounded extension of T to L,.

Defining (T*),=(T,)* for 1<q=<c and (T*),=(T.)*, let us show that these
operators are the g-traces of an element in Ouo, ). If 1<g, ¢'Sc0, then 1=p,
p’ <oo. Therefore, if u(E) <o and po(E,) < oo, then

f (T*)axso - xeilds) = j o Toxatioldso)
@.17) - f oo~ Ty Xatio(dso)

= f(T*)q'XEo  Xsho(dSo)-

With a little additional argument and the remark above (3.17) shows that for
1<g=oo the g-traces are consistent. The proof would be completed by showing
that (T*),=(T,)* is an extension of T defined on the natural embedding «~*
of the po-integrable simple functions in ca(So, Zo, fio). Therefore, it is necessary to
show first that T*f e L,(u), where f is a po-integrable simple function.

Let B € X such that w(B)<oo. Then, as is well known,

(3.19) [ iy =sw 3| Tasuas)
B P {=11JBNE;

where 2 consists of all finite measurable partitions of B.

(3.19) [ 12ruas)| 5 [Poxuns. oot

Hence,

(3.20) [ 17271 1) 5 [ Prxa- 111 ot

Choose B, 1 S such that u(B,)<oo, n =1,2,.... Then by the monotone con-
vergence theorem

[ 1721 sy = tim [ 72wt
(3.21) < lim fs Prxs, | f] mo(dso)

= f Prl-|f|po(dse) < co.
So
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Therefore, |T¥f| and T}*f are in L,(r), where fis a p,-integrable simple function. A
simple argument along the same lines shows that Tp¥«~1(f) =« ~1(T¥f), essentially
completing the proof of the following theorem.

THEOREM 1. O(u, p,) is a linear space. Equipped with the norm
(3.22) 1T lowwo = lgs:lgw 1751
O(p, po) is a Banach space. Further,
(3.23) IT low.up = max {|Ts]1, |To| ).

There is a linear isometric isomorphism of O(u, o) onto Oug, ), denoted *“**,
having the following properties:

(3.29) 1) T, = (Ty)*, 1 < p < oo, where 1/p+1/qg = 1;

(.25 (2 (T*) = (To)*;
(3 T**=r;

(3.26)
(4) ““*” takes Banach positive .operators into Banach positive operators.

Proof. (3.22) is immediate. (3.23) follows from the Riesz convexity theorem.
(3.24) and (3.25) were demonstrated in the remarks preceding the theorem. The
completeness of O(u, puo) is a consequence of the completeness of the space
B, o), 1 Ep=00. (3.26) is a simple consequence of the definitions and shows
that “*” is into. (4) is a consequence of very simple duality arguments.

It should be noted that T is created by restricting (T)* to ca(So, Zo, fio)-
Therefore, (T*), = (T¥)** is the uniquely determined extension of T3¥ in
(L1(Sos Zo, 1o))**. But this implies that (T*),=(T.)*. The isometric isomorphism
part of the preceding theorem now follows from |T,|,=|T¥*|, l/p+1/q=1.
Q.E.D.

COROLLARY 1. If T € O, po),

(3.27) Pr. = (Pp)*.
Proof. Let g€ L,(1) N Ly(1) and f€ Lo(uo) N Ly(o). Then,
|[7e:suotaso| = | [ 70|
(3.28) < f |g| - Pre| f|pu(ds)

< f (PreY* 2] | f woldso).

Using the fact that the total variation of «~!(Tg)=«"1(|Tg|) and the argument
leading to equation (3.20), we have

(3.29) |Tgl = (Pr)*|gl, 8 €La(w) N Ly(w).
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Hence,

Prlgl = heLo i miSI I7H|
(3.30) = heL.?gsl:l)hlSIvl (Pre)* A

S (Pr)*lgl,  ge€Lao(w) N Ly(p).

This implies ~
(3.31) (Pp)* < Pp..
Substituting T* for T in (3.31), '
(3.32) (P)* < Pr,
implying
(3.33) Pp. £ (Pr)*. Q.E.D.

COROLLARY 2. O(u, ) with the conjugate linear adjoint operation T— T# is a
Banach star algebra whose norm satisfies the symmetry condition

(3.34) "T "0(14.10 = "T #Ho(u.uo»
Proof. Immediately, the corollary follows from the fact that if S, T € Z,(u, p),
(3.35) IST|l, = IS5 1T |- Q.E.D.
Let us observe that Proposition 1 implies that for 0= f'e Ly(i)

Pr#f= sup |(joT*oj)g|

191S 13 9€Lp(u)

030 - Iﬂlﬁfssgeli,(u) IT*8| = Pr.J.
But,

(3.37) Pf = Px.

Hence, Corollary 1 implies '

(3.38) PT# = P§.

Thus, the positive of an element T € O(u, 1) such that T=T# has the property
P. j#v =P, T

PROPOSITION 2. If E is an idempotent in O(u, p) such that E*=E, and || E | o,
1, then Py is an idempotent, P§ =P and || Pg|ou,n < 1.

Proof. It is easy to show from definition that P, <Pr Pr, for any T,, T,
€ O(p, 11). Hence,

(3.39) Px = PEE é PEPEo
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Because || Pglow,,y=max {|E|;, |Ell«} <1, (3.39) implies Pz=PZ. By the remark
above,

(3.40) P¥ = Pg#t = Py, Q.E.D.

4. Representation of O(u,p) in %B,y(u, u). Let 77 be the natural mapping of
O, po) into B (s, po) determined by 7°(T') =T, the p-trace of T. 73 is the analogous
mapping which takes O(u,, 1) into Z,(uo, 1). 77 and 73 are linear, continuous,
norm-reducing mappings. 7* and 7§ are one-to-one. For if S, T € O(u, u,) and

@.1) ™(T) = (S),
then
“4.2) If=Sf, feLo(pw) N Lyw.

By a now-familiar argument, (4.2) implies S=T7. Further, =* and 7§ map (Banach)
positive operators into (Banach) positive operators;

4.3) (P(D)* = (T*); :
and
4.9 ((T))¥ = =5(T#).

In the case (S, Z, u)=(So, Zo, o) and p=2, the remarks above imply that 72 is a
faithful star-representation of ®(u,p) on B,(u, u). Using the terminology of
Rickart [10], O(u, 1) with the conjugate-linear adjoint operation is an 4*-algebra
because it possesses the auxiliary norm |- |, satisfying the B*-condition. Thus,
O(u, 1) has radical equal to {0}; and O(u, 1) as well as any of its star-subalgebras is
semisimple. Because of their importance, these remarks are summarized in the
following theorem.

THEOREM 2. O(u, n) equipped with the conjugate-linear adjoint operation is an
A*-algebra. The representation on Hilbert space given by 2 is faithful.

Proof. These statements follow from the remarks preceding the theorem. Q.E.D.

If (5, Z, u) is a o-finite measure space on a finite set of points or is isomorphic
to such a space, then O(u, p) =%, (1, p)=Z (1, ) as point sets.

For a general o-finite measure space (S, Z, u), define

(4.5) T,g=fg

where f€ Lo(x) and g is -a p-integrable simple function. It can be proved that
T, € O(u, 1) and |Ty|,=|f]lo. Let # ={T; | f€ Lo(n)}. Segal [12] has shown that
A acting on Ly(u) is a maximal abelian subalgebra of #,(u, n). Thus, any element
of By(u, n) which commutes with v%(0(x, 1)) commutes with 4, and so is a member
of .# by maximality.

It is possible to define an operator on the o-finite measure space (S, Z, ) which
is the analog of conditional expectation on a sub-o-algebra. If 2, is a sub-o-algebra
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of T containing u-null sets and such that u|g,, the restriction of u to Z,, is o-finite,
then define

(4.6) Enf = ﬁ; = lgy),

f a p-integrable simple function. It is possible to show that EZ1 € O(u, ) and that
EZ has the properties of the conditional expectation operator. However, for the
purposes of the following theorem it suffices to show the existence of this operator
in a very simple case.

Corresponding to each partition 2, ={C;}2; of S by sets of finite, positive
u-measure there is an operator EZ1 € O(u, p) defined by

& o f(s)uds)
4.6) Enf(s) = 2, STy Xols)-
Clearly, EZ: induces a contraction on L.(S,Z, n). Moreover, if fe L (S, Z, pn),
© up

@7 131, = {3l o}
where

> = s P e 445
@8 el = | [ 1) 5[ s [ e B

by a convexity inequality valid for 1 <p <oo (see [7, p. 159]). But then,
® df’) 1/p
Ez é f Nlp P’( C }
1£5f1, < { 3 [ 160 e e
4.9 > U
(49) = {3 [, e wan}
1

i=1
s £,

EZ: induces a contraction in all the L,-spaces, 1 <p <co. Since EZ3: is obviously a
contraction in Lo(r), EZ € O, p).

If (S, %, 1) is a finite measure space, there exist contraction operators of the
foregoing type constructed on finite as well as countable partitions. In particular,
there is an operator associated with the partition consisting of S alone. This operator
is nothing more than integration with respect to the measure, properly normalized.
Let % be the set of partition operators, where finite partitions are allowed if the
measure space is finite. The proof of the following simple fact is left to the reader:
If EEZif=ffor all EZ: € ¥ then f=«l, « a complex scalar.

THEOREM 3. If T € By(n, p) and T commutes with r>(# U &), then
(4.10) T = ol

where o is a complex scalar.
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Proof. T commutes with 72(#) implies T=1T, for some f€ L,(u). But then T is
the trace of an element in O(u, 1) and f=T1.

T commutes with 72(%) implies EZ:Tg=TE =g for all g € L,(x) N L,(r) and
EZ € &, The same relation holds for any h € L,(u), 1 Sp <0, since EZ: and T are
elements of O(u, r). On the other hand, for all EZ:1 € & EZ1]1=1 and

4.11) f=T1=TE%] = EATl = E&f.
By the remark preceding the theorem, f=«l, proving the assertion. Q.E.D.

COROLLARY 1. The representation 72%:0(u, p) —> Bo(u, p) is irreducible, and
72O, p)) is weakly dense in B (., p).

Proof. The first assertion follows from the theorem noting that (# U &)
<0(p, p). The second assertion is a consequence of the von Neumann density
theorem (see, for example, Corollary 4 [8, p. 448]).

5. Various topologies. The continuous mappings 7°: O(u, po) = By(p, po),
1 £ p =00, endow O(u, p,) with a bewildering number of topologies. The purpose of
this section is to show that some of these topologies are equivalent on 0%, the closed
unit sphere of O(u, po). Some useful convergence theorems are obtained in the
process.

Let & be the topology induced on @(u, p,) by the linear functionals

(5.1) WT) = [ 77 gualdso),

where f € Lo,(r) N Ly(r) and g € Lo,(po) N Ly(po). For 1 <p<oo, 7, is the topology
induced in O(u, po) by the linear functionals

52) WD) = [Thekuo(dso),

where he Ly(x) and k€ L(u), 1/jp+1/9=1, 7, is nothing more than the weak
operator topology of %#,(u, uo) pulled back into O(u, wo) by the mapping =°.
FcJ, 1<p<owo, and all of these topologies are Hausdorff. The closed unit
sphere of %,(u, po) is known to be compact in the weak topology, 1 <p<oo [5, p.
512). Since 7? is a contraction, 7°(0") would be a compact convex set if 72(0") is
weakly closed. But the identity mapping of 0" with the J, topology onto @' with
the & topology is a continuous one-to-one mapping of a compact space onto a
Hausdorff space. Hence, it would be a homeomorphism and all the topologies &
and Z,, 1 <p<oo, would be equivalent on 0.

THEOREM 4. @ is a compact convex subset of O(u, no) equipped with any one of
the topologies &F or 7,, 1 <p<oo. The restrictions of these topologies to 0* are
equivalent. This topology is metric if (S, Z, p) and (So, Z, o) are essentially countable
generated.
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Proof. By the preceding remarks, it suffices to show that 77(¢") is closed in the
weak operator topology of #,(u, i) for each p, 1 <p<oo.

Suppose the net {7°(T,)}.c4 converges to T € B,(u, po) in the weak operator
topology of #,(i, po). If 1 <p’ <0, every subnet of {r”(T,)}c4 contains a subnet
convergent in the weak operator topology of #,.(u, po). Let the limit of any such
convergent subnet be denoted S € #,.(u; uo). Then,

5.3) [1r-guotaso = [ 57 gt

for all feL,(x) N Ly(r) and all ge Lo(po) N Ly(io). By an application of an
argument based on the Radon-Nikodym theorem,

(5.4) If=§f, feLa(w) N Lip.

Thus, T has a unique bounded extension in #,.(u, o) Which is equal to S. Let this
extension of T to L,.(u) also be called 7. Then the preceding argument shows that T
is the only accumulation point of {7°'(T,)}.c4. Hence, {7 (Ty)}eea converges to T
in the weak operator topology of %,.(u, p), 1 <p’ <. The adjoint operation is
weakly continuous. Therefore, {7§(T¥)}.4 converges to T* in the weak operator
topology of &,(u, ), 1 <g<oco. From this it follows that |T|,<1 and |T*|, <1,
1<p,g<0. X xg, 1 xs, is such that po(E,) <0, m=1,2,.. ., then for fe Lo(r) N
Ly(p) and g € Lo(1o)

(5.5) lim [ T.f-guo(dse) = [ 77 guolds).
Q€A JEnp Em
Thus, {xg,Tof }eec 4 cOnverges weakly in L,;(u,) to the function xg,7f. And

(56) x5 Tl < sup IxsuTufls S 1111

for m=1,2,.... But,

57 [ 1771 o) = tim [ 17 i) < 1-171.
This implies
58) I771: < 1111,

on a set dense in L,(x). Therefore, |T||; <1 and T has an extension to L,(x). An
analogous result holds for T*.

Denote T* in L,(uo) by (T*),; then (T*)¥ is a bounded linear operator in
B (1, po) of norm less than or equal to one. However,

[aots-g uatasy = [ra@ngmas
5.9

= [roua - [ gt



488 M. P. OLSON [September

for fe Lo(n) N Ly(1) and g € Lo,(o) N Ly(10). Omitting an argument used several
times above, T has a (unique) bounded extension to L,(x) having norm less than or
equal to one. Therefore, T € ¢* and 77(¢") is closed in the weak operator topology
of By, po)-

If (S, Z, p) and (Sy, 2, po) are essentially countably generated, then L,(x) and
L (u,) are separable for 1 <p<oo and 1/p+1/g=1. Let {f;}2-1 and {gn}m-1 be
dense sequences in L,(u) and L,(r,) respectively. The series

® 1 am S—T
(5.10) p(S, T) = 1;21 mzl n¥m’] _L.I‘I./,n'(m(s_)]l‘)l

is a metric on 0, where
.11) bom(S—T) = j (=TS, gmiolds0).

Since the identity map of @' with the & topology is one-to-one and continuous
onto @ with the p topology which is Hausdorff, the two topologies are equivalent.
Q.E.D.

The collection of functionals which induce the % topology on 0 can be greatly
“thinned out” without changing the topology. Since @ with the & topology is
compact, all that is necessary for equivalence is to show that ‘“thinned out”
topology is HausdorfT. ,

Let ® and @, be collections of sets of finite measure such that span {xz | E € ®}
and span {xz, | E, € ®,} are dense in L,(u) and Ly(,), respectively, where 1/p+1/q
=1and 1<p<oo. Consider the topology induced by the functionals

¢.12) oT) = f Txs- Xsgttoldse),

E e ® and E, € ®,. This is the same as the topology induced by the functionals

(.13) oT) = f TY- guo(dss),

where fe span {x; | E€ ®} and g e span {xz, | Eo € ®o}. If S,T€ 0" and S and T
cannot be separated by the functionals ¢, then
KKTf, 8> —<Sf, &| = KTf, &> —<Tf, h|
(514 + KT, ha> — <SS, ha)l
+1<SY, ha> —<Sf, &,
where f e span {xg | E € ®}, g € Lo(po) N Li(po), and {Aa}a~1 <span {xg, | Eo € Po}
with lim,, | g— A,||;=0. The middle term on the right-hand side is zero by hypothesis.

The first and third terms can be made arbitrarily small for sufficiently large n by the
inequalities

(5.15) KKTf, &> —<Tf, ha>| = Sl 8Pl
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and

(5.16) KSf’ hy>—<Sf, g>[ = "f"p"hn_g"q-
Therefore,

(5.17) If, &> = <S8, &.

But L, (go) N Ly(uo) includes the indicator functions of all sets of finite measure.
By application of an argument based on the Radon-Nikodym theorem, Tf= Sf for
f contained in a set dense in L,(u). This implies S=T in ¢*, and the topology
induced by ® and @, is equivalent to the & topology on 0*.

PROPOSITION 3. If {T,}sec4 is a net in 0*, then {T,},.4 converges to some T € O*
in the % topology (and, hence, in the 7, topology, 1 <p <o) if and only if

(5.18) E&l f Xzo* Tuxzro(dso)

exists and is finite for all E € ® and E, € ®,. Under condition (5.18), T* — T* in
the & topology of the closed unit sphere of O(p,, ).

Proof. The functionals % of (5.12) induce a uniformity on @(u, u,) and a relative
uniformity on @*. With respect to this relative uniform topology ¢! is a compact
space by remarks preceding the proposition. Therefore, ¢* in this relative uniform
topology is complete. (5.18) asserts that {T,}.., is a Cauchy net in the relative
uniform topology. Hence, T, — T € 0! in this topology. But this relative uniform
topology is equivalent to the # topology on (. Therefore, T, — T in the &
topology. The last assertion follows from an application of the result above to the
net {T¥}qe 4, noting that

(5.19) f Txs, xsulds) = f 5o~ TeXetioldSo). QE.D.

7, denotes the weak operator topology in #,(g, uo) pulled back into O(u, o) by
1. It is induced by the functionals

(5.20) UT) = [T gt

fe€L(x) and g € L,(u,). Let @’ be a collection of sets of finite measure in £ such
that span {xz | E € '} is dense in L,(x). Then span {xz | E € @'} is dense in Ly(u),
I<p<oo. For if feLy(u) N Ly(n), then there exists {f,}2-;<span{xz | E€ ®'}
such that || f,|« = |f|«, n=1,2,..., and lim, | f—f,|,=0. By 6 Theorem [5, p.
122] f, — f in p-measure. Further,

(s:21) tim [ 1pua) s tim (1012 [ 1fluias)
and

(522) [ Whloutsy s usvet [ i)
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Because {f,}-1 converges in L,(p), the limit in (5.21) is zero. For the same reason,
by proper choice of E, the right-hand side of (5.22) can be made arbitrarily
small uniformly in n. The theorem cited then implies lim, |f—f;|,=0. Hence,
span {xg | E € @'} is dense in L,(u).

Since span {xz, € ¥’} and span {xg, | E, € Z,} are dense in L,(x) and L (o)
respectively, a simple argument similar to (5.14) applied twice shows that 0!
with the J; topology is equivalent to @ with the topology induced by the functionals

(5.23) W) = [xsu Txstuoldso)
where E € @’ and E, € Z,. Let us note in preparation for the following proposition
that #< 7.

PROPOSITION 4. &' with the J, topology is conmvex, closed, and sequentially
complete. It is not, in general, compact.
A sequence {T,}x- 1< O converges to some T € 0* in the F, topology if and only if

(524 tim [ x5, Toxama(dso)
exists and is finite for E € @' and E, € Z,. If (So, 20, po) is a finite measure space, O*
with the J, topology is compact and equivalent to O with the & topology.

Proof. 0! is convex and if the net {T.},., < @* converges to some T contained in
the 7, closure of @* in O(u, u,), then T, — T in the & topology. But this implies
T e @, and that @* is closed in the ; topology.

If fe Lo(u) N Ly(p) and {T,}7-, is a J; Cauchy sequence in @*, then {T, f }-,isa
weak Cauchy sequence in L,(x,) with some weak limit g, € L,(u,), since L,(u,) is
weakly sequentially complete. On the other hand, {T,}2., converges in the &
topology to some T € 0*. Therefore for each E, € T, such that u,(E,) <0,

(5.25) f gatio(dss) = fg Tioldso).

If Tf #£ g, on some set of nonzero measure, then there exists a set F, € £, such that
uo(Fo)<oo and Tf #g, on F,. Then for all E, € Z,

(5.26) f  guioldso) = L Tl

By an argument based on the Radon-Nikodym theorem
(5.27) Xro81 = XroLf,

and this is a contradiction unless pu4(F,)=0 implying that Tf=g,. Hence,
(5.28) lim<T.f, & = <Tf, &
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for fe Lo(n) N Ly(n) and g € Lo (o). Again by the fact that L,,(u) N Ly(w) is dense
in L,(), it follows that T, — T in the Z, topology, proving that ¢* with the J;
topology is sequentially complete.

To prove that @ is not, in general, compact in the Z; topology, consider the real
line with Lebesgue measure p. Define

(5.29) T.f(s) = f(s—n), n=12....

Because Lebesgue measure is translation invariant, T, preserves norm in all the L,
spaces and is a member of @' < O(u, n). The sequence {T,}2-, is &# convergent to 0.
If any subnet {T, }.c4 converged J, to some T € @*, then T=0. But if xg is such
that 0 < u(E) < oo, then

(5.30) (Toxe 1> = WE).

Hence, no subnet can converge 7, to 0. @' with the J; topology is certainly not
compact.

The convergence criterion (5.24) is a direct consequence of remarks preceding
the proposition and the proof of sequential completeness given above.

Finally, suppose (So, 2o, po) is a finite measure space. Lo (ro)=Lo(ro) N Ly(po)
and # convergence of a net implies 7, convergence. Therefore the identity map of
0' with the # topology onto 0! with the J; topology is continuous. This implies
equivalence. Q.E.D.

O(u, po) inherits two weak topologies from L. The first, denoted by J3*, is
induced by the functionals

(531) UT) = f TY- guo(dso),

where fe L,(r) and g € Ly(uo). The adjoint operation “*” is a linear homeo-
morphism of @ with the Z* topology to 0*(u,, ), the closed unit sphere in
Ouo, 1), equipped with the J; topology. Thus, Proposition 4 applied to @*(u,, u)
gives properties of @' in the J* topology.

The second topology O(u, p,) inherits from L, denoted J,, is the weak operator
topology of &, (1, o) pulled back by 7. Since «~* injects L, (o) into ba(So, Zo, &),
FcI}<T,.

PROPOSITION 5. @' with the T, topology is convex and closed. A sequence {T,}y. 1
< @* converges to T € O* with respect to the 7, topology if and only if

(5.32) im (Tof, & = <Tf, &

Jor f € Lo (1) and X € ba(So, Zo, o) such that A assumes only the values zero and one.

Proof. The proof that @ is convex and closed is similar to the proof of this fact
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given in Proposition 4. The second assertion follows from noting that {7, f},2, is
bounded in L,(uo) and that the extreme points of the unit sphere of L% (u,) are of
the form oA, where o is a complex scalar of modulus one. Then, the second assertion
follows from a necessary and sufficient condition for weak convergence of a
bounded sequence in a normed linear space given by Rainwater [9]. Q.E.D.

Let %, be the topology obtained in @(u, o) by pulling back the strong operator
topology in %,(u, 1o) by means of the isomorphism 77,

PROPOSITION 6. 0* is a closed, convex subset O(u, u,) with the %, topology,
1=p< 0. @ is complete in the %, topology, 1 <p <oo.

Proof. L () and L,(u,) are Banach spaces for 1 <p<oo. This implies that they
are locally convex, Hausdorff, and barrelled. By Corollary 2, Theorem 4, §3,
Chapter I1I [1], (1, no) equipped with the strong operator topology is Hausdorff
and quasi-complete: i.e. closed bounded subsets are complete. The closed unit
sphere of #,(x, po) in the uniform operator topology is closed and bounded in the
strong operator topology. Therefore, it is complete.

If a net in @' converges %, to some T € @, then it converges & to T. But this
implies Te @ by Theorem 4. Thus, for 1 Sp<o0, @ is closed and convex in
O(n, po) with the #, topology.

To prove 0" is complete, it suffices to show that +7(0*) is a closed subset of the
closed unit sphere in %Z,(u, o) With respect to the strong operator topology. If a
net {t°(T,)}ee4< 77(0*) converges strongly to S € B,(u, po), then {T,}.c 4 is Cauchy
in the & topology and so converges to some 7 € 0. But then,

(5.33) S, &> =<Tf, &

for fe Lo(pn) N Ly(n) and g € L (no) N Ly(1so). Therefore, Sf=Tf for f contained in
a dense set in L,(r), 1 Sp<oo. S=7°(T). Q.E.D.

PROPOSITION 7. On O, the %, topology is stronger than the %, topology for
15psp' <. If (So, Zo, o) is a finite measure space, then for 1 <p<co the %,
topologies on @' are equivalent. In this case, a net {T,}.c 4< O converges in the U,
topology for 1 Sp <o to some T € O* if and only if {T,f}eca is Cauchy in measure
for each f contained in L () N Ly(1).

Proof. Let p and p’ be as in the first statement of the proposition. Suppose
T, — T in the %, topology. Then T, f— Tf in L,(u,) for each f€ Lo() N Ly(). If
{Tef}eea did not converge to Tf in L,.(u,), then there exists ¢>0 and a subnet
{T.,f}se; such that for all j e J, |T,,f—Tf|, > e This subnet, of course, converges
to Tf in L,(u,). Because the topology of L,(u,) is metric, there is a sequence {7, f}n=1
converging to Tf in L,(ko) such that T, fe€{T, f},, for n=1,2,.... If it could be
shown that T, f— Tf in L,(p,), a contradiction would be reached proving that
T.f— Tf in L,.(u) for f€ Lo(u) N Ly(x). The Banach-Steinhaus theorem would
then imply that T, — T in the %,. topology.
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Noting that for any E, € Z,,
(534 [ 17 s = 1117 [T Pt
[ o

forn=1,2,..., T, f— Tfin L,(x,) by 6 Theorem [5, p. 122].

For 1Sp<w, T, — T in the %, topology implies T,f— Tf in u,-measure for
S € Lo(p) N Ly(r). If (So, Zo, po) is a finite measure space and T, f — Tf in u-measure
for fe Lo(u) N Ly(p), then the inequality

(5.35) f \Tof Prio(dso) < |f|utsolEo)

and an argument entirely analogous to the preceding one implies T,f— TIf in
L,(po) for 1<p<co. Hence, T, — T in the %, topology for 1<p<co. Thus, the
%, topologies on @' are equivalent for 1<p<oo when (So, 2, po) is a finite
measure space. They are, in fact, all equivalent to convergence in measure on
L.(x) N L(x). The last assertion follows from the completeness of @' in the %,
topologies 1 =p<o. Q.E.D. .

6. Lattice properties. We already know that O(u, p,) is stable under the
mapping T=j o T o j, where j is complex conjugation of functions. T € O(u, p,) can
be written in the form T'=U+iV, where U and ¥ are elements of O(u, p,) which
map real functions into real functions. Explicitly,

6.1) U= (T+joT-j)2
6.2) V= (T~joToj)2i.
Real operators are entirely determined by their restrictions to the spaces L§,

1Sp <. Let the real operators in O(u, po) be denoted O%(u, po). Then OF(u, po)
inherits a natural partial order from the spaces #*(u, ).

THEOREM 5. OF(u, uo) with the natural partial order is a complete Banach lattice.

Proof. If 0= fe L (1) for some fixed p, 1 Sp< oo, then T, =T, implies T, f2 T, f.
Because the formula for computing the infimum and supremum of an order-
bounded family of mappings is consistent in all the L,-spaces (see 26 Theorem [5,
p. 304]), OF(u,p,) inherits lattice completeness from the spaces Hp(u, po),
1=sp=<. Q.E.D.

Let the lattice operations supremum and infimum be denoted as usual by “v ”
and “A ” respectively. Each U € O®(u, uo) has a unique (Jordan) decomposition

6.3) U= P} -Pf
into positive elements

(6.4) Pt =UvVO
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and

6.5) P = —(U~AD0).

P} and P are disjoint elements of the lattice in the sense
(6.6) Py A Pf =0.

If

6.7 U= 0r-0r

was another such decomposition into positive elements
(6.8) Pt =UvO0=(0f-07)vO0=<Qfvo0s=s Qf.
§imilarly,

6.9 Pr = 0Or,

proving the minimality of the Jordan decomposition. Let
(6.10) | V =P} —P;

be the Jordan decomposition of ¥ € O%(u, o). Then
6.11) T = U+iV = P} — Py +iP§ —iP5

yields a four-parts decomposition for each T € O, p,).

7. Representation of O(u, o) as countably additive set functions defined in a
certain product space. The Borel sets of a locally compact Hausdorff topological
space S are the members of the smallest o-algebra containing the open sets of S. A
countably additive measure p defined on a o-algebra = which contains the Borel
sets of S is said to have the approximation property if u is finite on compact sets;
for E€X,

(7.1 #(E) = inf{u(V) | E = V, V open};
and, for F open or of finite measure,
(7.2) w(F) = sup {u(K) | K = F, K compact}.
A linear functional / on C(S), the continuous functions having compact support,
is called positive if f2>0, f€ Cy(S) implies /(f)20.

The following result appears to be the final form of a theorem first proved in a
special case by F. Riesz in 1909: To each positive linear functional / on Cg(S)
there corresponds a unique positive measure u having the approximation property

and defined on a o¢-algebra T containing the Borel sets of S and completed with
respect to u-null sets. u represents / in the sense that

1.3) 1) = ff(s)u(ds)
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for all fe Cg(S). This statement will be called the Riesz representation theorem (in
spite of the fact that many other mathematicians had a hand in the development
of the present form of the theorem). A detailed proof of this theorem is given
in [11].

If E is a set of finite measure in X, then (7.1) and (7.2) imply that there exist
sequences {V,}>-; of open sets and {K,}s-, compact sets such that

(7.4) AVa=E> Uk,
(1.5) ,L(ﬁ V,,) = W(E) = ,L(MQIKM),
and

(1.6) p.(é V,— MQIK,,.) - 0.

Thus, each finite set in X is the union of a Borel set and a subset of a Borel set of
u-measure zero. Thus, all finite sets, hence all o-finite sets, in = are contained in the
u-completion of the Borel sets. On the other hand, Z is complete with respect to p
and contains all Borel sets. Hence, the u-completion of the Borel sets is contained
in Z. In particular, when § is o-finite, then X is exactly the u-completion of the
Borel sets.

If (S, Z, p), the measure space described in the Riesz representation theorem, is
o-finite and (S, 2’, u') is another measure space having the properties described in
the theorem and inducing the same linear functional / by means of an equation
like (7.3), then p=p' and Z=X'. For, p and p' are determined by their values on
compact sets. By an argument given in [11, p. 41}, u(K)=p'(K) for all K compact.
Therefore, p=p’ on = N X', a p-complete o-algebra which contains the Borel sets
and on which p has the approximation property. It follows that X'=3, the u-
completion of the Borel sets.

The following remark is of a more technical nature and will be useful later in this
section. A determining system for a o-finite positive linear functional on Ck(S) is a
pair (A, A) such that A is a positive, countably additive set function on the con-
ditional o-ring A: i.e., a ring of subsets of S such that if {E,}*.,< A, E,<E € A for
n=1,2,..., then (J-, E, € A. The system (A, A) possesses, by definition, the
following additional properties (some of which are redundant): (a) A contains the
compact subsets of S; (b) if E € A, then A(E) < 0; (c) the intersection of a Borel set
and a set in A is in A; (d) there exists a disjoint sequence {E,};-;< A such that
S=Uw-1E,; () if E€ A, then

1.7 ME) = sup {MK) | K < E, K compact},
and
(7.8) ME) = inf {\(V) | E < V, V open, V € A}.

This terminology is justified by the following proposition.
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PROPOSITION 8. Let (A, X) be a determining system for a o-finite positive linear
Sfunctional on C(S). (A, X) has an extension to a o-finite countably additive measure
space (S, 11y, Ao) which is unique with respect to the properties

(1) Aq is a positive countably additive measure on 11,;

(2) I1, contains the Borel sets and is completed with respect to Ay;

(3) Ao has the approximation property on I1,.

Then it follows that (S, I, A,) is the representing measure space of a unique positive
linear functional on Cx(S) determined by (A, X) and defined by

(1.9) holf) = [Plds),  feClS).

I, is the completion of the Borel sets with respect to A, restricted to the Borel sets.

Proof. If (S, I1,, o) is any extension of (A, A) having properties (1), (2) and (3),
then it is necessarily o-finite and positive. It then follows that (S, Il,, A,) is the
representing measure space of 4,. If (S, II;, A,) is another extension having proper-
ties (1), (2), and (3), and 4, is the corresponding positive linear functional, then
(S, Iy, A5)=(S, I}, A,). The proof is exactly like the preceding remark except that
Ao and A; agree on compact sets by assumption. It follows that £, = £,, and (S, I1,, Ap)
is unique with respect to properties (1), (2), and (3).

The required extension exists. A is a ring of sets on which A is finite positive, and
countably additive. Therefore, A has a unique extension to a o-finite positive
countably additive set function on I, the smallest o-ring over A. But S e II by (d)
in the definition of determining system. Therefore, (S, Il;, A) is a positive o-finite
measure space. Let (S, 1o, A;) be its completion. It remains to show that II,
contains the open sets of S, which are the generators of the Borel o-algebra, and A,
has the approximation property on II,.

S=UR,E,ENE,=0 fori#j,and E € A for i=1, 2,.... Hence, there exist
{Vii21<=Asuchthat ;> E;and V,isopenfori=1, 2,.... If Vis an arbitrary open
set in S, then V' N V, € A for i=1, 2,... by property (c) of a determining system.
Therefore,

(7.10) V=vns=vnl) V‘=101(Vn V)
i=1 =

and VellycIl,. If Fis a Borel set, then

(1.11) F= ‘Q(Fn E).

Each FN E;e Afori=1,2,.... Now, using the approximation property on A, it is
easy to show that A has the approximation property on the Borel sets. Let (S, ITg, Ag)
be the measure space such that Ilg is the completion of A, restricted to the Borel
sets. (S, ITg, Ag) has the properties that I1g is complete and contained in II,; Ag has
the approximation property on Il and Ao =g on I1g. Further, A <IIg, since every
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set in A is the union of a Borel set and a subset of a Borel set of A-measure zero.
Therefore, Il< I, implying that the completion II,<IIg. Therefore, I1o=1IIg.
Q.E.D.

Theorem 6 of this section says, roughly, that if (S, Z, u) and (Sy, Zo, uo) are
o-finite positive measure spaces constructed on locally compact Hausdorff topo-
logical spaces having the properties of completeness, containment of the Borel sets,
and approximation, then each Banach positive operator T € O(u, u,) is represented
by a unique o-finite positive measure on S x S,. The usefulness of this theorem can
be extended by a result due to Segal [12]: If (M, ©, ) is any o-finite positive
measure space, then there exists a perfect measure space (S, Z, u) such that the
measure algebra of (M, ©, n) is measure-preservingly o-isomorphic to the measure
algebra of (S, Z, ). (For the proof, see Theorem 6.1 in [12].) The corresponding
perfect measure space satisfies the requirements for Theorem 6 of this section.

If A is an additive set function defined on a product space (S x S, Z x Z,), then
A is the projection of A on the first coordinate space and is defined by

(1.12) AXE) = NExS,), E€X.

A® js defined similarly as projection on the second coordinate space.

In order to avoid cumbersome repetitions in the following theorem, let us call a
o-finite positive measure space (S, 2, n) such that S is a locally compact Hausdorff
topological space and p is countably additive and has the approximation property
on a o-algebra T which contains the Borel sets of S and is completed with respect
to u, a o-finite regular measure space. This terminology is not entirely at variance
with the customary usage; for, in the course of the proof of Proposition 8, it was
shown that each set in X was regular.

THEOREM 6. Let (S, Z, u) and (So, Zo, po) be o-finite regular measure spaces. If T
is a Banach positive operator in O(u, po), then there exists a unique o-finite regular
measure space (S X Sy, I1, Ap) such that

(7.13) AP < ey, ¢, a nonnegative scalar;

(7.14) AP < copo, ¢, a nonnegative scalar;
(1.15) [17-guds) = [7(5)8(501a(ds x o)

S€Ly(p), g € Le(ro)-

Conversely, if (Sx Sy, I1, A;) is a o-finite regular measure space and is such that
(7.13) and (7.14) are satisfied then (7.15) defines a unique Banach positive operator
T € O(p, po) such that

(7°16) “T"0(u.uo) § Max {cl’ 62}'

Proof. If T is Banach positive and an element of O(u, o), then T induces a
unique continuous linear map of L,(u) into Cy(Sp)*, the dual of the continuous
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functions on S, vanishing at infinity. (Cy(S,)* is exactly the set of bounded linear
functionals on Ck(S,).) For if 0= fe L (r) and g € Cx(S,),

(7.17) A(8) = [ 17-gualdso)

defines a positive bounded linear functional on Cg(S,). Using the four-parts
decomposition of elements of L,(u), this obvious correspondence between Tf and #
can be extended to all of L,(x). The mapping f— # is linear and takes positive
functions into positive functionals.

The Riesz representation theorem implies that if 0<feL,;(») and # is the
functional induced by T, then £ is represented by a unique finite regular measure
space based on S,. However, ¢, the indefinite integral of Tf with respect to u,, is a
uniquely determined finite positive measure on Z, which is absolutely continuous
with respect to po,

(7.18) "‘P“bﬂ(so-fo.ﬁo) = ||Tf||1

Because of absolute continuity, ¢ inherits the approximation property on X, from
so- Let (So, Z,, ) be the completion of ¢ on Z,: it is a finite regular measure space.
But the positive linear functional which ¢ induces on Ck(S,) by integration is, by
definition, 4 induced by Tf. Therefore,

(7.19) 1#lcosor = IPllbacseEaip = 1Tf |-

Thus, the mapping f— # is continuous.
By Proposition 8 [6, p. 62], there exists a unique linear functional / on Cg(S x S,)
such that if fe L,(u) and g € Cg(S,) then

(120 19 = [ 17 gualdso).

Since the functional / is positive on the linear span of Ck(S) x Cx(S,), a “positively
rich” subspace of Cx(S x Sy) in the terminology of N. Bourbaki, / is positive on
Cx(S x So). (See Chapter III, §2, no. 5 and §5, no. 1 in [2] for this circle of ideas.)
Therefore, there exists a positive measure Ay and a o-algebra II representing /
on Cg(S x S,). (7.20) then becomes (7.15) in the special case g € Ck(S,). The proposi-
tion cited in [6] also shows that (7.13) holds, proving that Ay is o-finite. Thus,
(S x Sy, I, A7) is a uniquely determined o-finite regular measure space.

Exactly the same considerations applied to the operator 7* show the existence
of a uniquely determined o-finite regular measure space (S, x S, I1*, Az.) such that

(7.21) MY < c¥uo,  cF a nonnegative scalar;
(1.22) [T guntds) = [fises(sIhadsyx o),
J1 € Ly(po), 81 € Lo().
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Let A and IT* be the measure and o-algebra obtained in S x S, from Az and IT*
by the transformation (so, 5) —> (s, So). If f€ Cx(S) and g € Cx(Sy),

[Forpsratdsxds) = [17-guoldso) = [£-T*gutat)
(1.23)

= [stsa©n(dsox ds) = [(glsolin(ds x dso).

Thus, the linear functionals induced by A, and Ar. coincide on C(S) x Cx(So).
Therefore, they agree on Cg(S x S,). Since they are both o-finite regular measures,
IM=11* and A=Az on II. (7.21) implies that (7.14) holds for A; with c,=c}. It
remains to show that (7.15) holds for g e L,(uo). This, however, is a straight-
forward exercise in measure theory and its proof will be omitted.

Conversely, suppose (S x Sy, II, Ap) is given. Using (7.13), it is easy to show that
the integrals on the right-hand side of (7.15) are finite. Further, (7.15) shows that T,
if it exists, is linear and positive. For fixed f € L,(u), the inequality

(7.24) ] [18tset@sxdso| = el gl

which can be deduced from (7.13), implies that f defines a unique continuous linear
functional on L. (r,). The countable additivity of A, permits this functional to be
realized as a finite, countably additive, u,-continuous set function on X,. The
Radon-Nikodym derivative of this set function with respect to u, defines a unique
member of L,(u,) which is, by definition, Tf. (7.24) implies |T||, =c,; and, hence,
I1T*||w £ ¢;. If g3 € Lo(11) and f; € Ly(ps), a similar argument shows that

(7.25) [ fﬁ(so)gms)hr.(dsoxds)[ < il lgsl o

But, c¢¥=c,, and

| [rtsoeonniasoxas)| = | [exyisotntasaso)

(1.26)

- [ [e:risondtdsxds)| 5 alfili gl

Thus, T* has a consistent extension to L,(uo), and | T*|; £ c,. Therefore,
(7.27) ITlow.uo = 1T* ooy S Max {ey, €3}
by the Riesz convexity theorem. Q.E.D.

COROLLARY 1. A, is obtained from A; by the transformation (s, s,) = (S, $).

Proof. This fact was obtained in the course of the proof of the theorem.
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COROLLARY 2. If T is a Banach positive operator in O(u., w,), Ay is its corresponding
product measure, and f € L,(n), then p; is the po-continuous, finite, countably additive
set function on Z, defined by

(7.28) ps(Eo) = ff (9)Xzo(So)Ar(ds x dso).
And,
(7.29) Tf = dpj/dp,.

Proof. This fact, too, was obtained in the course of the proof of the theorem.

COROLLARY 3. If A and w are two measures on S x S, satisfying the hypotheses of
the theorem and

(7.30) ME x Ey) = o(Ex Ep)
for all E€ X and E, € Z such that p(E) <o and po(E,y) <0, then A=w and the two
measures have the same domain of definition.

Proof. Let T be defined by A and S by w. S and T are contained in some closed
bounded sphere of @(u, uo) centered at zero. The & topology on this sphere is
Hausdorff and completely determined by linear functionals

(1.31) 2AB) = f Bye XeoptoldSo),

B e O(u, po), E€X and E, € Z, such that u(E) <00 and pe(Eyp) <00. But 9(T)=x(S)
for all such functionals. Therefore, S=T and A=w by the uniqueness of the repre-
senting measure. Q.E.D.

In §6, it was shown that a general operator T € O(u, u1,) has a representation,
necessarily unique, as

(1.32) T = U+iV,

where U and V are elements of O(u, ) which map real functions into real functions.
These real operators were shown to have a unique Jordan decomposition into
positive elements of O(x, u,),

(1.33) U=U,—U,,
(1.34) V=V;~V,
Thus, T has a unique four-parts decomposition into
(7.35) T=U—-U+i(V3—Vy).

According to Theorem 6, let A, on II; correspond to U,, A; on I1; to U,, A; on I1;
to V3, and A, on II, to V. Let

(1.36) A= ‘é (F| Fe L, A(F) < ).



1968] THE ORDER-CONTINUOUS OPERATORS ON L,-SPACES. I 501

Then, A has properties (a) through (d) listed in the definition of a determining
system and is a conditional o-ring. If

(1.37) Ap = A = Ag+idg—idg,

then A; is a finite-valued, countably additive set function on A. A and A; are
uniquely determined with respect to the process described above.
Define

(7.38) e, E) = sup Z (B,

where 2 is the set of all finite partitions {E;, E,, . . ., E,} of E such that E, € A for
i=1,2,...,n, where n is any positive integer. Since

(1.39) |Al(E)| € v(Ar, E) S ‘zl ME),

it is easy to show, first, that »(Ay, -) is additive and finite-valued on A (see 6 Lemma
[S, p. 98]); second, that »(Ay, -) is countably additive on A; and, third, that (A, -)
has the approximation property (e) on A listed in the definition of a determining
system. Therefore, (A, (A7) is a determining system and determines a unique
o-finite regular measure space on S x S,. Inequality (7.39) implies that this extended
measure, also denoted v»(Ar), satisfies (7.13) and (7.14). According to Theorem 6,
the measure defines a unique Banach positive operator Qr € O(u, po).

THEOREM 7. If T € O(u, po), then Qr=Pr. Equivalently, v(Ar)=»Ap, and both
o-finite regular measures have the same domain 11,, the Borel sets of S x S, completed
with respect to v(Ar).

Proof. It suffices to show that »(Ar)=2Ap, on sets of the form Ex E,, where
w(E) < oo and po(E,) <0, by Corollary 3 to Theorem 6.

LemMA 1. If T € O(u, po) and Py is its positive, then for each Borel set He A

(7.40) [Ar(H)| = Ap(H).
Proof. Because
(7.41) [A(H)| < v(Ar, H),

given ¢>0, there exist K, a compact set in Sx Sy, and W, an open set in Sx S,
contained in A, such that K<€ H< W and

(7.42) JA(H) = A(K)| < /4,
(7.43) [Ap(H) = Ap,(K)| < €[4,
(7.44) [A(W) = Ar(H)| < e/4,
(7.45) [Ap, (W)= Ap,(H)| < ¢4,
(7.46) [v(Ar, H)=v(Ar, K)| < ¢/4,

(7.47) [v(Ar, W)—w(Ar, H)| < ¢/4.
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For each (s, s,) € K there exists ¥ x ¥° such that
(7.48) (s,50)EVXV° < W,

where se V, s, € V°, Vis openin S, and V° is open in S,. V' x V° is a Borel set of
Sx S, and is contained in A. A finite number, {V,;x V?}_, cover K and
n

(7.49) U XV < W.

Let {D,}7. ; be the disjoint refinement of this open cover. (D, is no longer open, but
it is still a member of A.) Each D; is of the form W, x W}. Then,

(.50 |3e(t- () D))| 5 #0r, W=K) S o0r, W= )40, H-EK) 5 2214
Similarly,
(1.51) A,,(H— ¢] D,)I < 2/4.
But
I\(H)| < Z M(Dy)| + 2¢/4
Z [<Txw,» xwid| +2e/4
(7.52) :
2 < TXW;, XW?>+2314
<2 (L"'J )+ 204,
However,
(7.53) A,,(IQ D,) < Aeg(H)+2¢/4.
Hence,
(7.54) [Ar(H)| £ Ap(H)+e.
Since e is arbitrary,
(1.55) [A(H)| S Ap(H). Q.E.D.

There exists a disjoint partition {H}i.., of E x E, such that for a given ¢>0

1

(7.56) W(Ar, ExEg)—e < Z [Ar(H)|.
k=1
(1.57) H, = H, U N,, k=12,...,1

where Hy is a Borel set in A such that A(H,)=Ar(Hj) and Ar(N,)=0. Hence,

1

1
(1.58)  Wr, ExEp)—e < ; I\e(Hy)| < kg App(Hy) S Apy(Ex Eo).
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Because ¢ was arbitrary,
(7.59) V(AT, EX Eo) § /\pr(Ex Eo).

To prove the reverse inequality, let g=37., Byxg,, G; N G,= @ for j#k, and
|g| <Xz, Then, || <1 for j=1,..., m, and

m

= Z B4l

=1

[ 7xs-guotaso

J-TXE ’ XG,#o(dSo)

(7.60)

j
< D IMEXG)| £ v\, EXEy).
i=1
Let L' be the set of simple functions in L (u,).
(7.61) {|Txel, xg,» = _sup  |{Txg, 8| S v(Ar, Ex Eo) = {QrXg> Xzo)-
l91Sxggi 9€L
This implies
(7.62) [Txe| £ Qrxs-

If f=371 axp,, Fi 0 F,=@ for i#k, and |f| S xg, then || £1 for i=1,2,...,n;
and

(7.63) 7] £ D |Txe) S D Qrxe, S Q.
i=1 i=1

Let L be the set of simple functions in L, (). By Proposition 1,

7.64 Prxg = Tf| .

(7.64) TXE |f|s§lglge1.| 1S Orxe

Therefore,

(7.65) Ap(Ex Eg) = {Prxp, Xgo» = {Q1Xp> X8o» = Y(Ar, E X Ey).
Combining (7.59) and (7.65),
(7.66) Ap(Ex Eg) = v(Ar, EX Ep),

completing the proof of Theorem 7. Q.E.D.

For general o-finite measure spaces (M, ®,7n) and (M,, @, 7,) there exist
measure spaces (S, Z, u) and (So, 2o, o) satisfying the hypotheses of Theorem 6
such that the measure algebra of (M, 0, ) is measure-preservingly isomorphic to
the measure algebra of (S, 2, x) and (M,, @, 1) is similarly related to (So, 2o, o).
The proof is by means of the isomorphism into the corresponding perfect measure
spaces mentioned in the remarks preceding Theorem 6. Thus, if T is a Banach
positive operator in 0(x, n,), there exists an isometric, order-preserving, adjoint-
preserving isomorphism of @(z, n,) onto O(x, p,). Theorem 6 now implies that T is
represented by a unique o-finite regular measure on the product S x S;.

Theorem 6 as well as some of the results in §5 generalize theorems contained in
J. Brown [3]. Brown considers the case of Markov operators on a probability
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space. He implicitly credits Theorem 6, at least in the special case he discusses, to
an unpublished manuscript of J. Lindenstrauss. However, Brown’s proof method
is quite different from the one utilized here.

Most of the preceding results for o-finite measure spaces depend on the validity
of the Radon-Nikodym theorem, the duality theorems for L,-spaces, and the lattice
properties of the L,-spaces. These requirements are simultaneously satisfied for a
class of measure spaces called localizable. The author conjectures that the relevant
results given in §§3 through 7 generalize to localizable measure spaces.
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